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SUMMARY

This work introduces a qualitative version of a Markov Decision Process,
called Qualitative Interval-based Markov Decision Process, to deal with
the problem of controlling actions of interacting agents.

The values characterizing the states and actions of the model are based on
intervals and an interval algebra is used to operate them.

The model is said to be qualitative in the sense that intervals are considered
equivalent according to a loose equivalence relation.

We applied the model to the control of the equilibrium of social exchanges
between two interacting agents.

The social interactions are modelled according to Jean Piaget’s theory of
exchange values.
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PIAGET’S SOCIAL EXCHANGE MODEL

% % Social relations can be reduced to ex-
changes between individuals.

%% Each social exchange is a service ex-
change between individuals and it is
also concerned with an exchange of
(qualitative) values between them.

notation value
o3 o’s investment
SBa 3’s satisfaction
t8a (’s acknowledged debt
Vo o’s credit

e An investment value is always negative.

e The values are undefined if no service is
done at all.

e In the stage 11,4, the agent « asks the pay-
ment for the service previously done for
the agent .

e The order in which the exchange stages
may occur is not necessarily 1,5 — Il,3.
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THE SCALE OF INTERVAL EXCHANGE VALUES

It is the structure ZR; = (IR, +, 0; =, <), where:

(i) Addition: [a,b] + [c,d] = [max{—L,a + ¢}, min{b + d, L}|;

(ii) A null value © € IR} is any [a, b] € IR such that mid([a, b]) = 0, where
mid(|a, b]) is the mid point of [a, b];

(iii) A quasi-symmetric value for X € IR is any interval Xst. X+X =06
(X = —[mid(X) — k,mid(X) + k], with 0 < k < L +mid(X));

(iv) ~ is the qualitative equivalence relation X ~ Y < X — Y = 0.

For practical applications, an e-null value O, is any X € IR, such that
mid(X) € 0, = [—€, +¢|.
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QUALITATIVE EQUILIBRIUM OF SOCIAL EXCHANGES

A social exchange between two agents «v and 3 of a multi-agent system,
occurring during the time instants 7' = t¢;,...,t,, is any finite sequence
of exchange stages where there are t,t' € T, t # t', with well defined
investment values r/,, and 7 .

The overall exchange balance is defined as the sum of the values of same
type for each agent in all stages occurred in 7.

The material qualitative equilibrium of a social exchange involves only ma-
terial (investment and satisfaction) values and happens if the sum of those
values in 7" is null:

T T T T T T T T
Mg = T T S, T Ty T S1, e Oc, Mo = "o T Stge T TT1s0 T S1p, P O,

where M,z and M3, are called the net material results of a social exchange,
considering the points of view of the agents « and (3, respectively.
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THE BASICS OF QUALITATIVE INTERVAL-BASED
MARKOV DECISION PROCESSES

We conceive that, in the context of exchanges between two agents, a third

agent, called equilibrium supervisor, analyzes the exchanges, evaluates the

net material results, and makes suggestions to the two agents in order to
keep the exchanges in material equilibrium.

To achieve that purpose, the equilibrium supervisor models the exchanges
between the two agents as a MDB where:

e The set of states of the model represents all possible results of the overall
exchanges and

e The optimal policy is a sequence of actions based on which the equilib-
rium supervisor recommends to the interacting agents the performance of
a specific kind of exchange stage to attain the equilibrium.
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THE CLASSES OF MATERIAL RESULTS

Considering an equilibrium supervisor accuracy %, the classes £, E°, E* are
the supervisor representation of , equilibrated and favorable
types of material results of social exchanges:

({X €IR; | i& < mid(X) < (i + 1)L} if
{X €eIR, | =& < mid(X) < —¢} if

E'={ {X €lR, | —e <mid(X) < +e} ifi=0 (1)
{X € IRy | e < mid(X) < L} ifi=1

| {X €IR, | (i — 1)E < mid(X) < it} if 1 <i<n.

n

The range of the midpoints of the intervals that belong to a class E' is the
representative of the class £, denoted [F"|.

The states of the model are pairs (E', Eé), representing the balance of the
overall exchanges from the point of view of the agents « and £.

The class (E), E}) is a terminal state (the system is in equilibrium).
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THE ACTIONS

The actions are state transitions

(Bl B}) = (EL ED)
where . , ) . . .
mid ([E.] + X') € E. and mid ([F}] + X7) € EY,
with X’ and X’ being of any of the following types:
e The e-null value 0, = [—¢, +€];

e A compensation interval, which is the narrowest quasi-symmetric of a
class representative F';

e A go-forward interval of k steps, which is an interval that transforms a
class E' into EV970 with i # L;

e A go-backward interval of k steps, which is an interval that transforms
a class ' into EUM70 with i # —L.
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THE ROLE OF THE EQUILIBRIUM SUPERVISOR

The equilibrium supervisor has to find, for each state £ = (E', E), the
action that shall achieve the terminal state or, at least, another state from
where the terminal state can be achieved, with the least number of steps and
least final value uncertainty °.

The choice of such actions are also regulated by the rules of the social ex-
changes, and, therefore, there are some state transitions that are not allowed.

Based on a optimal policy, the equilibrium supervisor recommends that the
agents act optimally:

e An optimal recommendation consists of a function that gives, for each
state of the model, a partially defined exchange stage, that shall restore
or establish the material equilibrium or, at least, to give conditions that it
be achieved in the least number of steps with least value uncertainty.

By value uncertainty of a state (E*, E/) we mean the diameters of the intervals £* and E”.
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THE ROLE OF THE EQUILIBRIUM SUPERVISOR

Although the agents may know the optimal recommendations, they are au-
tonomous in the sense that
they may not follow the recommendations exactly.

This means that there is a probability that the system achieves
another state different from the one expected (or suggested)
by the supervisor and, therefore, there may be a great deal of
uncertainty about the effects of the agents’ actions.

Even if the agents follow a recommendation exactly, the effect
may not be the expected by the supervisor, since it depends
on the ratio %%

However, there is never any uncertainty about the current
state of the system, that is, the equilibrium supervisor always
have access to the current configuration of exchange values
and has complete and perfect abilities to evaluate the current
balance of material results.

[TT7 T U AN S
= = A
[ T H TN S\ P
1 IT=F7 1Y
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QUALITATIVE INTERVAL-BASED MDP

For given 0 < € < %, a Qualitative Interval-Based Markov Decision Process
for keeping social exchanges in qualitative equilibrium is defined as a tuple

QI-MDP = (E, A, F, R)""

where:

(i) The states are pairs of equivalence classes of interval material results £/ =
E, x Eg,with B, ={E" |i=—n,...,—1,0,1,... ,n}.

(ii) A is the set of possible actions (e-null value, compensation, go-forward
and go-backward intervals).

(iii) F : E x A — II(F) is the state-transition function, that gives for each
state and each action, a probability distribution over the set of states;

(iv) R : (EF x A) — R is the reward function, giving the expected immediate
reward gained by choosing an action a when the current state is e.
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PARTIAL SCHEMA OF THE REWARD FUNCTION

R (C,C) (C,0.) (B_1,Fy1) (B_3,Fy3) (F1,0) C': compensation action
(E=,E7) | 30 -30 -5 -10 20 F.x: go-forward action
(E+,E*)| 30 20 0 0 20 (of J steps)

(E°,E*) | 28 0 25 20 25 Of i Steps
(E°,E-) | -30 0 30 13 -30 B_;: go-backward action
(E-,E-)| -30  -30 30 0 -30

(of k steps)

e If the current state is of the type (E~, E*), then the best action to be

chosen is the compensation-compensation action (C, C'), which results in
a state transition (£—, E™) — (E°, E°).

o If the current state is of type (E,F~), then a compensation-
compensation action (C,C') would generate a recommendation of agent
exchanges of satisfaction-satisfaction values, which is impossible accord-
ing to the model of social interactions, since it is impossible for an agent
to get a satisfaction value from no service at all.
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OPTIMAL RECOMMENDATION

The optimal recommendation function associated to an optimal policy
gives, for each state (Ej,, I}) and optimal action, a partial definition of a
configuration of an exchange stage, consisted of pairs

((Tozﬁv Xi)? (Sﬁav Yj)) o1 ((Tﬂav Xj)v (50457 YZ))

e (r, X) means a realization of a service of investment value X < 0, and

e (s5,Y) means a satisfaction of interval value W', for receiving a service.

Partial schema of the optimal policy and recommendation

State Optimal policy 7* Recommendation p-

( ) (C">0,C7 <0) (g ), (508, C*)) , ,

( ) < (CZ <‘Ov 7 < O) ((roz[% )7 (Sﬂouc]>> or ((rﬂmcj)v (Sozﬂ> CZ))
(EO’ E].)1<j§n (06’ 7 < O) ) ((Tﬁa, OJ)? (Saﬁa ))

( )-n<i ( ((rag, BYy), (Sﬂom (—it1)))

( ) ( ((7gar B21), (

Socﬁa — +1)))
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SUMMARY
Evauation Determination
° of the current S of the g)pti mal
state (E; E) * .= $"‘ policy

I nterval Optimal

I;e/leagt,ilsal Recommendation
of the of an Exchange
Exchanges Stage

Stages

(XY)

Ymid(X) € E;,mid(Y) € E;.
2 Sequence of actions: e-null value, compensation, go-forward, go-backward intervals.
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DISCUSSION: THE WORST CASE

Considering that the agents always follow the recommendations, then the
worst case is when the interaction presents material results that belong to
the state (E', E7), with —n < 4,7 < —1, since two simultaneous positive
compensation actions are not allowed (that would require a recommendation
of satisfaction values for the two agents without any service at all).

In this case, the optimal recommendation leads the agents get the material
equilibrium in at most four steps, by one of the transitions

(Ei7 Ej)—néi,j<—1 = (Elij)—nSj<—1 — (E07 E_l) — <E_17E1> = (Eov EO)

(Eiv Ej)—néi,j<—1 = (Ej7 El)—n§j<—1 — (E_17 EO) = <E17 E_1> = <E07 EO)
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CONCLUSION

This paper introduced the qualitative interval-based model of Markov Deci-
sion Process.

The combination of interval-based modelling and qualitative approach to
the comparison of values of the model made it well suited for solving the
problem of keeping social exchanges in equilibrium.

From the point of view of Jean Piaget’s theory of social interactions, the
model means a sound way of making practical use of the group of social
exchanges that structure the social interactions and defines its equilibrium
problem.

The model is general enough to be applied to other problems, besides the
equilibrium problem of social interactions.

It can also be applied to equilibrium problems of other kinds of systems,
besides systems of social exchanges.
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