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Description of the problem: astrophysics
application

o Solvetheradiative transfer equation in stellar atmospheres

T/ — Z/. + f Fredholm integral equation 2 kind

+ Tintegral operator definedon X = L*(1),1 =[0,7"]
(=x)t)= gl - ¢1) x")de:

— [ istheoptical d[epth of astellar atmosphere
— ¢ “optical thickness of the atmosphere

— z isontheresolvent set of T

— £1 L*(1) isthesourceterm




Description of the problem: astrophysics
application

O
e gisthe (weakly singular) kernel defined by >

g(l‘):%El(l‘) o<t £t
— v 1101 isthe albedo and
)= ") Gt 0

1

— Isthefirst exponential-integral function and it belongs to the
family (E, ) ., defined by

g, ()= SR

E,.(t)=-E,(t)

dm,t 3 0,n3 2




Projection methods

— consideragrid 0=¢,,<t,,< <t,,,<t,,=t

n,1 n,n-1 n,n

— define X, = span (en’j, ] =1,.., n),

en’jl X [n,O l‘n,l [n,i—ll‘ ,

n

<X’ n,j>en,1 N T
j=1

— where €,; istheadjointbasisof € ;, inX"

n,i




Approximate solution

e The solution of the approximate problem
T/.,=2z  +1f
 |eadsto the solution of alinear system withneg sand n

unknowns
(An - ZI n)Xn — bn

n

— A, Istheredtriction of T to Xi A = (<en,j - >)

i, j=1

L) P ()

. . 1 " .
0 werecover/nfromxnby/n=z X,(])e,;- f
j=1




Typical coefficient matrix

band matrix
sparse matrix




Approximate solution

« Howtosolve T/ =2z .+ fwhentheassociated

coefficient matrix A - zl = haslarge dimension?

— one can use preconditioned nonstationary iterative
methods, or

— an iterative refinement method (Newton-type method)

given x©
x® =X L (T- 2 ) Tx® - x® - £)




|ter ative refinement methods

e Jacobian R(Zz) = (T - 2 ) * can be approximated by

— scheme 1: Rn(Z) = (T - 2 )-1

n

» Atkinson’'s algorithm

— scheme 2: %(TR ] (Z)- | )

» Brakhage s agorithm
— scheme 3: %(Rn (Z)T - | )

* new scheme (M.Ahues, A.Largillier)




|ter ative refinement methods

1

x4 = xO +=(R (2) T - I)(Tnx(k) - Tx(k))
z

1
(kD = 3 (0) 4 +

Z




|terative refinement method

In practice T Is not used. The problem is restricted the
to X_, m>>n , considering afiner projection

m?

T, restricted to X

discretizationof T, T, (m” m)

T  restricted to X | (h" m)
’ ]

T, restricted to X | m’ n)I




Atkinson’ s scheme

e 0
(0] ()

gl‘lT EI] i‘il.nlj 4'":;1.-'{?'[:_:‘ (:1{:, D - 1.11']'1, - 11 T s :

repeat until convergence
prolong. wh

— Cz
band block LU solve (A, — 2

or
sparse iterative methods




Matrix coefficients

[a,i

"E, (- o),  (+)de'dr

. l‘a,i—l 0

o for Elqr- T")d‘['d‘[

A PRI A




l‘n,i

V
2h . tn,i-l

n,i

", (e rle,, (+)dr'de




Data distribution

 Distributed memory environement with p processors:
p=0,..., p-1




Matrix coefficients: C and D

e We can compute matrices C and D:

1. through theintegral formulation (smilar to A and A )
2. or by doing some matrix computations using A,

h

m, Kk s P
C=RA, Ri.K)= h. " (I-D)+1EKEr |

n,l

0 otherwise

r" (j-D+1EKEr" |

D=ADP, P(k,]|)= _
An (. 1) 0 otherwise




Matrix coefficients: C

r" (I-D+1E£EKEr" |

/

R

otherwise




Matrix coefficients; D

. r(j-D+1EKET |
D=A,P, P(k,J)=

0 otherwise

.




Matrix coefficients; D

m.i

- é3(tm,i-l_ tn,j-l) ) ] ’




Atkinson'’ s parallel scheme

given A,, =, ', mfnj, 2

repeat until convergence

receive C'i] * z,, [i| from all P,
Un = Angn’ — 307, Cfi] * @i

solve (A, — zI) w, = y,

(%)
compute w, — Tn

receive A,,[i] ¥ z’

Ym — YUm — Zf:_ll Afm[l] * E’E?Ef}
receive D|i] (wn ~ :rif"‘) from all P,

in location w,,[(i — 1) x n+1: i * n

%(w’m _' yﬂ'.'.)

(k+1 0) k+1) 0
2ot = 20 g 28 = 2 4w,

k=Fk+1

given A, [i], Cli|, D[i], 2, 20 20
repeat until convergence

(e . (&)
compute Ci| * zy,

compute A,,[i] * 2tk

: (k)
receive (wn — Zp ) from F;

compute D|i| * ('wﬂ - :rfj)

+1)

. (k (k+1) o
receive ry, and x,, ! from Fy

k=k+1

—»  send




Problem specification

zonel zone?2 zone3 zone 4
n 10% x M 40% x M 60% x M
1 if 0E¢ 5% ' ' '

0o if Le<res
2

WM 20% XN | 30% XN | 40% XN @ 10% X N
n. of points; =L EARLE B b1
2000 XM | 30% XmM| 40% XM 10% X m

parameters: z= 1,V =0.75; tol : e£10™*
machine: Beowulf cluster with 20 Pl 450 MHz processors (128 Mb
RAM) connected viafast Ethernet switch (100 M pbs)

software: MPI, F77 & F95, LAPACK, Sparskit




NDb. of iterations and elapsed times for the 3
Iterative refinement methods

« m= 10000, n= 1000

scheme 1 scheme 2 scheme 3
43 iterations 21 iterations 21 iterations
3472.7 3472.4 3472.2
1749.4 1749.0 1748.9
885.0 884.4 884.4
714.1 713.6 713.6
10 375.3 375.1 375.1

* m= 100000, n= 5000
20 14859.7 14855.0 14854.2




Spoeedup and efficiency for the 3 iterative
refinement methods

« m= 10000, n= 1000

_tl- —
S, = ="
; p

, 1, =€elapsed timeusing p processors

schemes 1-3
S E,
1 1.00
0.99
0.98
0.97
0.93




Speedup up to 10 processors

t, =€elapsed timeusing p processors




Scalability

» |soefficiency or isogranularity (SLAPACK sense)
 aconstant memory use per node allows efficiency to be maintained

timefor several

size problems

using up to 20
Processor s




Conclusions

We illustrate the parallel properties of this Fredholm
Integral equation

— we showed it’ s scalability and efficiency in the solution
of an Astrophysics problem

|mprovements on the computation of matrix D: serial
vs. parallel approach

For larger values of [ T powerful parallel machine
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