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• Solve the radiative transfer equation in stellar atmospheres

• T integral operator defined on

– is the optical depth of a stellar atmosphere
– optical thickness of the atmosphere
– z is on the resolvent set of T
– is the source term

Description of the problem: astrophysics 
application

( ) ( ) ')'(')(
*

ttttt
t

dxgTx � -=

t

( ) [ ]*1 ,0, t== IILX

*t

fzT += jj Fredholm integral equation 2nd kind

( )ILf 1Î



• g is the (weakly singular) kernel defined by

– is the albedo and

– is the first exponential-integral function and it belongs to the 
family                 defined by
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Description of the problem: astrophysics 
application
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• Approximate                              by

– consider a grid 

– define

– where             is the adjoint basis of            in X *

Projection methods

fzT += jj fzT nnn += jj

*
,1,1,0,0 ttttt =<<<<= - nnnnnn �

Xe jn Î,

( ) ,,...,1,, njespanX jnn ==

jn

n

j
jnn exxT ,

1
,,�

=

= � *
,

*
,, jnjn eT=�

*
, jne

jne ,

nnininnn ,,  1,  1,0,                  ttttt -



• The solution of the approximate problem

• leads to the solution of a linear system with n eq’sand n
unknowns 

– An is the restriction of Tn to Xn:

• we recover       from xn by

Approximate solution

( ) nnnn bxzIA =-

��
�

�
��
�

�
-= �

=

n

j
jnnn fejx

z 1
,)(

1
j

( )n
jiinjnn eA

1,,, ,
=

= �

( )n
iinn fb

1,,
=

= � ( )n
iinnnx

1,,
=

= �j

fzT nnn += jj

nj



Typical coefficient matrix

1  , =- zzIA nn

sparse matrix

band matrix
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Approximate solution

• How to solve                                  when the associated 

coefficient matrix                    has large dimension?      
– one can use preconditioned nonstationary iterative 

methods, or
– an iterative refinement method (Newton-type method)
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Iterative refinement methods

• Jacobian can be approximated by

– scheme 1:

• Atkinson’s algorithm

– scheme 2:                                   

• Brakhage’s algorithm

– scheme 3:                                   

• new scheme(M.Ahues, A.Largillier)
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Iterative refinement methods
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Iterative refinement method

• In practice T is not used. The problem is restricted the 
to                         , considering a finer projection 
discretization of T, Tm

• Tm restricted to Xm:

• Tm restricted to Xn:

• Tn restricted to Xm: 
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Atkinson’s scheme 

band block LU
or

sparse iterative methods
update

xn andxm

prolong. wn



Matrix coefficients
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Matrix coefficients: An and Am
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Data distribution  

• Distributed memory environement with p processors: 
p=0,..., p-1
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Matrix coefficients: C and D

• We can compute matrices C and D:

1. through the integral formulation (similar to An and Am)
2. or by doing some matrix computations using Am
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Matrix coefficients: C
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Matrix coefficients: D
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Matrix coefficients: D
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Atkinson’s parallel scheme

send

broadcast



Problem specification

• Grid         :

• parameters: z = 1, 
• machine: Beowulf cluster with 20 PIII 450 MHz processors (128 Mb 

RAM) connected via fast Ethernet switch (100 Mpbs)
• software: MPI, F77 & F95, LAPACK, Sparskit

zone 1 zone 2 zone 3 zone 4
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Nb. of iterationsand elapsed times for the3 
iterative refinement methods

• m = 10000, n = 1000

375.1375.1375.310

713.6713.6714.15

884.4884.4885.04

1748.91749.01749.42

3472.23472.43472.71

21 iterations21 iterations43 iterationsp

scheme 3scheme 2scheme 1

• m = 100000, n = 5000

14854.214855.014859.720



Speedup and efficiency for the3 iterative
refinement methods

• m = 10000, n = 1000 

0.939.2610

0.974.865

0.983.934

0.991.992

1.0011

EpSpp

schemes 1-3
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Speedup up to 10 processors
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Scalability

• Isoefficiency or isogranularity (ScaLAPACK sense)

• a constant memory use per nodeallowsefficiency to bemaintained

time for  several
size problems
using up to 20 

processors

20=
n
m



Conclusions

• We illustrate the parallel properties of this Fredholm
integral equation
– we showed it’s scalability and efficiency in the solution 

of an Astrophysics problem

• Improvements on the computation of matrix D: serial
vs. parallel approach

• For larger values of       : => powerful parallel machine*t
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