
EGYPTIAN FRACTIONS

MICHAEL D. VOSE

1. Introduction

The Egyptian fraction expansion of a rational 0 < a/b < 1 refers to a solution in
integers 0 < Xj < ... < xn of

a 1 1
- = — + . . . + — ,
b xt xn

with n minimal. Although this expansion is not well defined, for example

Tol = 5V + 66T 273' i t s length is. P. Erdos [1] has proved that n
i l o g l o g b

In this paper we improve the bound to n 4, J\o%b.

2. Results

The improved upper bound follows (employing the same argument used by
Erdos [1]) from

THEOREM 1. There exists an increasing sequence Nk of positive integers such that
any integer 1 < m < Nk is the sum of not more than O(y/\ogNk^1) distinct divisors
ofNk.

Assuming Theorem 1, let 0 < a/b < 1 and choose integers k and / such that

Nk _, < b ^ Nk and — ^ - < .
Nk b Nk

It follows that

aNk-bl < b ^ Nk and / < Nk.

Theorem 1 gives the representations

aNk — bl = dl+... + dr and I = d\+... + d's,

where d-x and d'j are divisors of Nk. Now define integers u, and v'j by

Nkb Nk

"'• = ~w ' VJ = x "

Received 5 July, 1983.

1980 Mathematics Subject Classification: 1OB35.

Bull. London Math. Soc, 17 (1985), 21-24



2 2 MICHAEL D. VOSE

Since dr ^ aNk-bl < b, it follows that t^ ^ Nk < Nkb/dr = ur. This proves that

vl < ur

provided dx < ... < dr and d't < ... < d's. Now observe that

1 1 1 1 1 / aNk-bl\ a
- + ... + - + — + ... + - = — / + — - = 7 ,
vl vs ux ur Nk\ b ) b

and r + s = OC^log JVk_,) = Oi

Before proving Theorem 1 we establish some notation. Let //(iV) be the smallest
integer such that every integer m, 0 < m < N, is the sum of not more than H{N)
distinct divisors of N. For real x, 1 < x < N, let d~{x) and d+{x) be consecutive
divisors of N such that d~(x) < x ^ d + (x).

LEMMA 1. Suppose that No, N are integers such that No | N, and H(N0) exists.
Let No = dx < ... < dt = d + (s/N) be a sequence of divisors of N such that

d,\ max

for 1 <j ^ /. Then H(N) ^ H{N0) + 2l.

LEMMA 2. There exists a sequence of positive integers of the form
k

jV = 40t'c2 El P?> wnere p2 < Pi < •• are odd primes, such that
1=2

(i) max (logd+(i)-logrf-(0) <$ (2/3)fc

s/Nk-\ < i < s/Nk '

(ii)

(iii) a may fee any sufficiently large integer.

Proof of Theorem 1. The required sequence is 1, 2, N2, N3,... where the Nk are
the integers from Lemma 2. First note that H{Nk) exists. This follows from the
observation that for sufficiently large a,

= afc2log2 + £ logp, < a/c2log4
1 = 2

Therefore

max (0

and Lemma 1 can be applied using the sequence 21,22 ,23 , . . . . The proof of
Theorem 1 is completed by constructing, for k > K, a sequence (of length

/ i f c - i ) ) °f divisors of Nk to which we may apply Lemma 1 with No = NK.
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Since — logx ^ 1—x, we have (Lemma 2)

c(2/3f ^ log <T(i)-log <T(i) ^ 1 - -~rr, (1)

for S/Nk_l < i ^ ^ / M * and some constant c. Therefore

<i+(0 < i + d+(i)(\ - y ^ ) ^ i + d+(i)rfc, (2)

where rk = c(2/3)k. We assume K is sufficiently large that rk < \. Recursive use of (2)
produces

l ^ (3)d(i)<i lri .
j = 0 L~rk

Define a nonincreasing sequence of divisors (of Nk) for) = 1,..., Jk +1 by

dAk) = jNl, dj+l(k) = d + (dj(k)rk).

Suppose that Jk can be defined by the condition

Then the inequality dj{k)rk ^ dj+1(fc) and (1) imply that condition (*) of Lemma 1
holds for the set of divisors (when reindexed according to increasing size)
{d{{k), ...,dJk(k), S/Nk_1}. Condition (4) can be satisfied if for some J,
dJ+{{k) ^ y/Nk-i • By the definition of dfk) and inequality (3), it suffices that

. 1 - r .

This is equivalent to

> a(2/c- l) log2 + logpfc

log^^-l)

and since logpk X /c, the right hand side is 0(1). Therefore we may assume that
Jk = 0(1) as k -• oo.

The desired sequence of divisors (of Nk, to which we can apply Lemma 1 with
No = NK) is given by those elements of the set

which are not smaller than NK. By construction, condition (*) of Lemma 1 holds,
and the length of the sequence is bounded by 1 4- £ J, = 0(k). Therefore
Lemma 1 gives *<••«*

H(Nk) ^ H(NK) + 0(k) =
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Proof of Lemma 1. First suppose that NQ < m < d + (y/N). Note that if m
divides N then we are done. Hence m lies in an interval of the form (dj_l,dj) for
some j ^ /, and

It follows from condition (*) that m — d (m) < d^x. Therefore m — d (m) lies in an
interval of the form [rf,_ t , d,) for some i < j , or else m — d~{m) < iV0. It follows that
m is the sum of not more than H(N0) + l distinct divisors of N.

Now consider the case d+(N/iV) < m < N. Let d0 = 1. As before, m lies in an
interval of the form {Nd]~l, Ndf_\) for some) > 0, and

m-d (m) < -—i max I I -
" j - 1 \Nfdj < m < N/dj-\ \ d (W)

The maximum above is

M N/d \ (. d-(m)
N/d (d)

and it follows that m — d~(m) < Ndj1. Therefore m — d~(m) lies in an interval of the
form [Ndf1, Nd[L\) for some i > j , or else m — d~{m) < d+{s/~N). Hence m is the
sum of not more than H(N0) + 2l distinct divisors of N.

We refer the reader to [2] for the proof of Lemma 2 since it is the content of
Lemma 3 of that paper.
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